The see-saw mechanism of neutrino mass generation, when incorporated in supersymmetric theories with supergravity mediated supersymmetry breaking, results in low-energy leptonflavour violation arising from the soft supersymmetry breaking slepton masses. The parameter space of supergravity theories with conserved R-parity is severely constrained by the requirement that the LSP provide cold dark matter with a relic density in the range indicated by the recent WMAP measurements, as well as by laboratory constraints. We calculate the µ → eγ branching ratio for the constrained minimal supersymmetric standard model, over the range of parameters consistent with WMAP and laboratory constraints, in families of see-saw model parameterizations which fit the low energy neutrino measurements.
Introduction
The standard model contains three continuous global symmetries associated with lepton flavour. Neglecting non-perturbative effects arising from the weak SU (2) anomaly, the standard model conserves lepton flavour exactly, as the charged Yukawa matrix Y e and the gauge interactions can simultaneously be made flavour diagonal. The solar [1] - [5] , and atmospheric [6] , neutrino deficit observations, which imply neutrino mass and mixing, (and their confirmation by reactor [7] , and accelerator [8] , experiments), presently provide the only direct observation of physics that cannot be accommodated within the standard model.
The smallness of the inferred neutrino masses can be understood through the see-saw mechanism [9] , which involves the introduction of a heavy Majorana fermion in a gauge singlet arises at dimension 5 (HHLL) and, on dimensional grounds, would be expected to be the first observable extension beyond the renormalizable dimension 4 operators that compose the standard model interactions, given the standard model particle content at low energies.
Even without the addition of a see-saw sector generating neutrino masses, the standard model suffers from a gauge hierarchy problem, with quadratic divergences in radiative corrections to the Higgs mass parameter. These require unnatural fine-tuning of the input Higgs parameters, readjusted at each order in perturbation theory, in order to maintain the hierarchy of scales between the gravitational energy scale M P l , and the scale of electroweak breaking M W . A natural solution to this problem is the supersymmetric extension of the standard model, where the extra particles and interactions necessitated by supersymmetry contribute cancelling contributions to the destabilizing quadratic divergences in the Higgs potential, as required by the supersymmetry non-renormalization theorems. After soft supersymmetry breaking the cancellation of the quadratic divergences will still remain, though there will be finite shifts of the Higgs mass parameters by an amount proportional to the soft supersymmetry breaking. Model dependence enters in the choice of mechanism to impose the 1 soft supersymmetry breaking. An especially attractive and well-motivated possibility is that the supersymmetry breaking is communicated (super-)gravitationally from a hidden sector in which supersymmetry is spontaneously broken, to the observable sector of the supersymmetric standard model (mSUGRA). Models with soft supersymmetry breaking masses of the form that this mechanism would impose, and where each of the soft supersymmetry breaking scalar masses, gaugino masses and trilinear couplings are universal and flavour diagonal at the Planck scale, comprise the constrained minimal supersymmetric standard model (CMSSM).
To incorporate see-saw neutrino masses in a supersymmetric extension of the standard model, we consider the minimal supersymmetric standard model with additional righthanded (singlet) neutrino supermultiplets and their superpotential interactions, where each of the soft supersymmetry breaking scalar masses, gaugino masses and trilinear couplings are universal and flavour diagonal at the Planck scale. New indirect sources of low-energy leptonflavour violation (LFV) appear with the introduction of the singlet neutrino supermultiplets.
Renormalization group running of the slepton mass matrices and trilinear couplings in the presence of right-handed neutrinos generates off diagonal elements that contribute to LFV processes [10] ,
where M R is the Majorana scale. As the see-saw mechanism violates lepton number by two units, the CMSSM with right-handed neutrino singlets continues to conserve R-parity; therefore the lightest supersymmetric particle (LSP) is stable. If it is assumed that the dark matter is composed of the LSP (which is expected to be the lightest neutralino), the CMSSM parameter space becomes tightly constrained by the WMAP satellite observations [11] , as well as by laboratory searches. These constraints [12, 13, 14] have important implications for the rates of lepton-flavour violating processes.
In this study, we examine CMSSM lepton-flavour violation [15, 16, 17] in simple general classes [18] of see-saw models which are constructed to fit the low energy neutrino oscillation data. The parametrization of see-saw models is considered in Section 2. Two specific classes In Section 3 we discuss the range of parameter space of the CMSSM over which we perform our calculations. The CMSSM parameters are chosen such that their renormalization group running to low energies yields radiative electroweak symmetry breaking, and a resulting spectrum of particle masses that is consistent with experiment. In particular, we display our results over CMSSM parameter ranges determined by [12] and [13] , which impose that the resulting models have LSP relic densities in the region determined by WMAP [11] , and are consistent with the LEP direct search limits, and the rate for b → sγ. See also [14] for other parameter determinations using WMAP and laboratory data.
In Section 4 we compute the branching ratio for the decay µ → eγ [15, 16] , in the classes of see-saw models considered, over the allowed range of CMSSM parameter space, and compare to present [19] , and prospective [20] , data for this process. We consider µ → eγ because with the present level of experimental precision, lepton-flavour violation in the models and parameter ranges we consider would only be detectable in muon decays. Of the muon decays, since the rates for µ → eee, and µN → eN, are largely dominated by electromagnetic penguin contributions (again, in the models and parameter ranges we consider), they are suppressed with respect to the rate for µ → eγ by an extra factor of α. Since at the present time the experimental limit on BR(µ → eγ) ≤ 1.2 × 10 −11 [19] , is of comparable strength to the limits on BR(µ → eee) ≤ 1.0 × 10 −12 [21] , and BR(µN → eN) ≤ 6.1 × 10 −13 [22] , the model class that we study will be consistent with all the present lepton-flavour violation data if it satisfies the present limit on BR(µ → eγ). We will find that even for a choice of neutrino Yukawa coupling (and Majorana scale) that maximizes the rates for lepton-flavour violation, that much of the model space and parameter range is consistent with present experimental limits, though future experiments should probe these ranges thoroughly, at least for the largest choices of Yukawa couplings.
In Section 5 we present our conclusions. For a thorough review of muon physics and muon flavour violation, see [25] .
Supersymmetric See-Saw Parameterization
The leptonic part of the CMSSM see-saw superpotential is
above the Majorana scale. Here, L i , i = e, µ, τ , is the left handed weak doublet, e 
where
By transforming to a basis where Y e and the gauge interactions are flavour diagonal, the left-handed neutrino mass matrix is diagonalized by the MNS matrix U,
where U is a unitary matrix that connects flavour states to the mass eigenbasis. It is possible to parameterize the MNS matrix as follows, 
where φ and φ ′ are additional CP violating phases and U ′ has the usual form of the CKM matrix. It was shown in [18] that the Yukawa matrix Y ν can be re-expressed in a simple general form. By defining,
and using the MNS matrix, it is possible to diagonalize κ,
where the d subscript denotes diagonalization. It is always possible to make an arbitrary field re-definition to rotate to a basis such that M is diagonal, hence
In this case,
where a square root over a diagonal matrix denotes the positive square root of its entries.
One then identifies
as an arbitrary orthogonal matrix. Then, the most general form of Y ν is [18] 
As pointed out by the authors of [18] , the physical low-energy observables contained in U and κ d are augmented by three positive mass eigenvalues associated with M and three (in general complex) parameters that define the orthogonal matrix R. It should be stressed that the above equation is defined at the Majorana scale, M R . It is useful to parameterize the neutrino Yukawa couplings with the use of an arbitrary orthogonal matrix, R, as it allows a general examination of the origin of flavour violation in see-saw models.
Following [18] we will consider two classes of neutrino hierarchy models. In the first case we will examine a strong right-handed neutrino hierarchy and in the second, we will consider degenerate right-handed neutrinos. In both cases we will assume that the Yukawa couplings of the left-handed neutrinos are hierarchical. We will impose the condition that the largest eigenvalue of the Y ν † Y ν matrix (denoted |Y 0 | 2 ) coincide with the square of the top quark Yukawa coupling |Y t | 2 at the unification scale M GUT . This Yukawa unification condition is suggested in simple SO(10) models, and has the effect of making the neutrino Yukawa couplings, and hence the rates for lepton-flavour violating processes, as large as reasonably possible. Since we are interested in the degree to which present experimental limits rule out regions of model and CMSSM parameter space, maximizing the expected rates gives us a conservative determination of the models and parameter ranges that are still viable. More specific details of the classes of models to be analyzed will be discussed in Section 4.
Supersymmetry Breaking and the CMSSM
Since supersymmetric particles have not yet been observed, the model Lagrangian must contain terms that break supersymmetry. If we assume that supersymmetry is broken softly, in that the supersymmetry violating terms are of mass dimension 2 and 3, then the Lagrangian has the following supersymmetry breaking terms,
Note the presence of terms containing mν 2 and A ν in eq. (12) . These terms are only included above the Majorana scale. Below the Majorana scale, the soft part of the Lagrangian returns to that of the CMSSM. In the CMSSM scenario, supersymmetry is broken in a universal
i .e., flavour independent, manner giving the following relations
6 where m 0 is a universal scalar mass and a is a dimensionless constant. We restrict to the CMSSM in our studies and set the trilinear A-term soft parameter a = 0. The ranges for the other non-zero, Planck-scale, inputs to the CMSSM are chosen such that their renormalization group running to low energies yields radiative electroweak symmetry breaking, and a resulting spectrum of particle masses that is consistent with experiment. In particular, we display our results over CMSSM parameter ranges determined by [12] and [13] , which not only impose that the resulting model have LSP relic densities in the range determined by WMAP [11] , but that they have spectra consistent with the LEP direct search limits, as well as the rate for b → sγ. Following these authors we ignore the focus point region in parameter space which occurs at very large m 0 and whose location depends on m t and M H in an extremely sensitive manner.
Note that the absence of off-diagonal terms leads to flavour conservation (up to effects of light neutrino mass splittings). However, these relations are imposed at the GUT scale and are therefore subject to renormalization group running. Above the Majorana scale, the neutrino sector modifies the CMSSM renormalization group equations (RGEs). In fact, the . In the leading log approximation to the RGEs we have,
where Y l i denotes the Yukawa coupling of the of the charged lepton l i . It is the presence of such terms that leads to significant flavour violation. We will see in the following sections how much flavour violation we should expect, and how the branching ratio for the process µ → eγ is affected. The branching ratio for µ → eγ can be estimated through mass insertion techniques [15, 16] :
where m s is a typical slepton mass. We note that the branching ratio is proportional to tan 2 β, which will give an increasing dependence on the ratio of Higgs vevs tan β, and will be evident in our detailed results in the next section.
µ → eγ In The CMSSM See-Saw
Following [18] we consider two classes of neutrino hierarchy models. In both cases the neutrino Yukawa couplings to the left-handed neutrinos are assumed to be hierarchical.
In the first class of models the Majorana mass terms for the singlet right-handed see-saw neutrinos are assumed to be strongly hierarchical. In the second, we will assume that the right-handed singlet neutrinos have degenerate Majorana masses. We numerically integrate the one loop CMSSM RGEs with right-handed neutrino supermultiplets. In addition, we have re-derived the expressions [15] for the amplitude for µ → eγ, and we use the resulting full expressions (see Appendix) to calculate the branching ratios.
Hierarchical ν R s
As we saw in Section 2, Y ν can be expressed using an orthogonal matrix, R. Following [18] , and ignoring possible phases, it is useful to parameterize R as,
Since we are assuming that the left-handed neutrinos are hierarchical, we take
and based on the bi-maximal LMA mixing solution we take the MNS matrix to be, 
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If we assume a strong hierarchy in the right-handed sector, then
The largest eigenvalue of eq. (19) is
. We identify this with the top coupling at M GU T as in the case of many SO(10) models. By identifying the largest Yukawa in the neutrino sector with the top coupling LFV is maximized. We assume that R 32 = 0 or R 33 = 0. The pathology of the case where R 32 = 0 or R 33 = 0 is discussed in [18] , which forms a small region of parameter space. With these assumptions, M R ∼ 10
15
GeV. This leaves us with one complex parameter. Following [18] , we will assume that this parameter is real. Therefore, Y ν will depend on one angle, denoted by θ 1 in eq. (16). 
In order to quantify and further illustrate the regions that are both LFV and CMSSM compliant in this scenario, consider figures 2 and 3. The regions considered are a parameterization of the WMAP data from [12] . In figure 2 , the bands correspond to tan β = 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55 for µ > 0 and each colour represents the percentage of the θ 1 range that is allowed by the current bound on µ → eγ, BR(µ → eγ) < 1.2 × 10 −11 .
Grey indicates that less than 25% of θ 1 is allowed, while red, green and blue illustrate that between 25% and 50%, 50% and 75%, and between 75% and 100% is allowed respectively.
Notice that there are two competing effects controlling the amount of LFV in these plots.
As we move higher in tan β, the branching ratio, BR(µ → eγ) increases as eq. (15 We see that a large portion of the parameter space would be highly restricted, with most of the parameter space relegated to less than 25%. Therefore, the θ 1 range will be throughly probed by the up coming experiments, given this see-saw scenario. In the µ < 0 case, the situation is slightly different. While the branching ratio of µ → eγ is largely insensitive to the sign of µ, the WMAP compliant parameter space is not [13] . Figure 4 shows the constraints from lepton flavour violation with the current limit on BR(µ → eγ) < 1.2 × 10
over the WMAP range for µ < 0 and a = 0 with tan β = 10, 35. Grey indicates that less than 25% of θ 1 is allowed, while red, green and blue illustrate that between 25% and 50%, 50% and 75%, and between 75% and 100% is allowed respectively. The funnel structure in 
Degenerate ν R s
Ignoring possible phases in R, lepton-flavour violation becomes R-independent, in the case of degenerate singlet right-handed neutrino Majorana masses. We see from eq. (11) that,
which controls the amount of lepton flavour violation becomes
which is independent of R. Again, we use the GUT relation |Y 0 | ∼ Mκ 3 = |Y t (M GUT )| as in [18] . The situation here is quite different from the hierarchical case. Figure 6 shows the currently allowed region for µ → eγ consistent with the CMSSM for µ > 0 [12] . Notice that most of the parameter space is ruled out in this scenario; only tan β 5 and a small region at tan β ≈ 50 are consistent with the current LFV bounds. The upcoming limits will probe all of this currently allowed region. In the µ < 0 [13] case more of the parameter space is allowed as the region is pushed to higher soft mass scales and therefore the LFV rates become suppressed as before. Figure 7 illustrates the allowed region consistent with the current LFV bounds for µ < 0. Clearly the degenerate case, with maximized "unification"
neutrino Yukawa couplings, is strongly constrained by the present data and will be be severely probed by the forth-coming generation of experiments.
Conclusion
In this paper, we examined CMSSM lepton-flavour violation in simple general classes of see-saw models [18] which had been constructed to fit the data on low energy neutrino oscillations. The models considered have had their neutrino Yukawa couplings (and Majorana mass scale) chosen as large as reasonable, to maximize the rates for lepton-flavour violating decays. Nevertheless, when the CMSSM parameters for the models were restricted (following [12, 13] ) to have LSP relic densities in the region determined by WMAP, and to be consistent with the LEP direct search limits, and the rate for b → sγ, the resulting rate for leptonflavour violation was such that over much of the allowed WMAP range, much of the model parameter space was consistent with the present experimental limit on BR(µ → eγ) (and so, a fortiori, with present limits on the other (charged) lepton-flavour violating processes).
We also noted that the next generation of µ → eγ experiments should definitively probe the range of branching ratios suggested by these models at maximal Yukawa couplings, and also for ranges of smaller Yukawas depending on the CMSSM parameters and the exact see-saw model details.
A future detection of µ → eγ would, however, represent not the end of lepton-flavour violation studies of these models, but rather just the beginning. To disentangle the details of CMSSM see-saw lepton flavour violation will require comparisons of rates for different LFV muon decays, including µ → eee, and µN → eN. It will also require the observation of (charged) lepton-flavour violation in different generations, such as τ → µγ, τ → eγ, τ → µll, and τ → ell, with l either e or µ. With a combination of observed rates for different LFV µ-decays, and the observation of LFV in τ decays, one can hope to begin to uncover both the precise nature of the low-energy soft supersymmetry breaking, as well as the origin of the lepton-flavour violating interactions responsible for inducing these decays. Fortunately, we can look forward to a new generation of dedicated µ → eγ [20] , and µN → eN [23] , [24] experiments, as well as to τ sources of unprecedented flux, to help us find the experimental signatures of this new realm of physics.
7 Appendix
The on-shell amplitude for l
In the above, ǫ is the photon polarization vector and A L,R 2 are the dipole coefficients. The decay rate for µ → eγ can be expressed using eq. (22) as,
Each dipole coefficient can be broken up into the sum of two terms,
where (c) and (n) refer to the chargino and neutralino loop contributions. The expressions [15] for these contributions are, , and
The matrices in the above expressions are defined in [15] . 
